The elastic properties of a self-assembled bilayer membrane are studied using the self-consistent field theory, applied to a model system composed of flexible amphiphilic chains dissolved in hydrophilic polymeric solvents. Examining the free energy of bilayer membranes with different geometries allows us to calculate their bending modulus, Gaussian modulus, two fourth-order membrane moduli, and the line tension. The dependence of these parameters on the microscopic characteristics of the amphiphilic chain, characterized by the volume fraction of the hydrophilic component, is systematically studied. The theoretical predictions are compared with the results from a simple monolayer model, which approximates a bilayer membrane by two monolayers. Finally the region of validity of the linear elasticity theory is analyzed by examining the higher-order contributions.
I. INTRODUCTION
Amphiphilic molecules, such as lipids, surfactants and block copolymers, are composed of hydrophilic and hydrophobic components. When dispersed in water, the amphiphilic molecules spontaneously self-assemble into a variety of structures, e.g., spherical and cylindrical micelles or bilayer membranes. The self-assembly is driven by the competing interactions between water and different parts of the amphiphilic molecules. Specifically, in the case of bilayers the hydrophilic parts stay on the outside of the bilayer, while the hydrophobic blocks are hidden in the interior. At the mesoscopic scale, bilayer membranes exhibit several unique properties [1] : they can form closed membranes without edges, such as vesicles and cell walls; they are extremely flexible and highly deformable; and despite their flexibility, they keep their structural integrity even under strong deformations. This combination of stability and flexibility motivates a phenomenological description of bilayer membranes, in which the membranes are modelled as two-dimensional surfaces. The properties of the membrane within this surface model are then described by a set of elastic parameters including the spontaneous curvature c 0 , the bending modulus κ M , the Gaussian modulus κ G , and the line tension σ of an open membrane edge. One of the main objectives for experimentalists and theorists is to determine these elastic parameters and to understand their physical origins. The elastic properties can be used to analyze and explain numerous phenomena associated with vesicle * shi@mcmaster.ca † zhou@uni-mainz.de deformation, membrane fusion, and other relevant membrane activities.
A number of techniques have been developed to measure the membrane elastic properties. Particular attention has been paid to the bending modulus κ M . Experimentally, κ M can be obtained either by monitoring the thermal fluctuations of a membrane [2] [3] [4] [5] [6] [7] [8] , or by directly measuring the force required to pull or deform a tether [9, 10] . Similar methods have been employed in simulation studies of the bending modulus of bilayers [11] [12] [13] [14] . Measuring the Gaussian modulus κ G is more challenging, since its contribution to the free energy of closed membrane systems changes only if they undergo topological changes, due to the celebrated Gauss-Bonnet theorem [15] [16] [17] . A topological change often involves unstable or metastable transient membrane states. Performing measurements in such states is a challenging task, both in experiments and simulations. In Ref. [18] , the Gaussian modulus of phospholipid bilayers was measured by detailed observation of the phase transition from the lamellar phase to the inverted hexagonal phase. In Ref. [19] , the difference between Gaussian moduli of two types of lipid bilayers was obtained. The Gaussian modulus has also been determined in simulations by quantifying the probability that a membrane patch closes up to form a vesicle [20] . Finally, a third important elastic parameter of membranes is the spontaneous curvature c 0 . For bilayer membranes made of two leaflets with identical composition, it is zero. We will focus on this special case in this work.
The techniques described above are designed to determine just one specific elastic parameter at a time. An alternative strategy is to compare the free energy of membranes with different curvatures. By studying bilayers in different geometries (planes, cylinders, spheres), it is possible to obtain several elastic constants simultaneously. This approach can be implemented quite naturally in theoretical studies, and there are also experimental studies based on the equilibrium between bilayer structures with different topologies [21] . In theoretical studies, the focus has been on relating the elastic properties to the microscopic parameters of the amphiphiles. Based on the strong-segregation theory of grafted polymers, an analytic theory of the monolayer elastic constants was developed by Wang and Safran [22, 23] . This analytic theory was generalized to diblock copolymer bilayers by Wang [24] . Similar properties for a bilayer composed of diblock copolymers were studied by Ohta and Nonomura [25] , who investigated the dependence of the bending and Gaussian moduli on the architectural parameter of the diblock copolymers. Apart from these analytic theories, numerical calculations using the self-consistent field theory (SCFT) have been carried out to study the elastic properties of bilayers, using diblock copolymer/homopolymer blends to mimic the amphiphile/solvent system. Laradji and Desai [26] employed SCFT to calculate the surface tension and bending modulus from the power spectrum of capillary modes. Matsen [27] introduced a new SCFT method to evaluate the elastic properties of a diblock monolayer. In his work, monolayers with different surface curvature were stabilized by exerting a force on the interface. Müller and Gompper [28] extended the study to monolayers composed of pure diblock copolymers, mixtures of diblock copolymers, and triblock copolymers. Chang and Morse [29] used a pressure difference to stabilize a monolayer in curved geometries. Nunalee et al. [30] presented a spontaneous curvature map for monolayers in the parameter space of the interaction parameter and the diblock architectural parameter. In Ref. [31] , the spontaneous curvature, bending and Gaussian moduli of a monolayer were extracted using SCFT calculations and compared to those measured in experiments. However, despite its accuracy, the SCFT method has not yet been employed for determining the elastic properties of bilayer membranes except for the area compressibility [31] .
We turn to discussing the line tension. Two types of line tensions can be associated with liposomes: The line tension of the phase boundary between two phases of lipids coexisting in the same membrane [32] , and the edge free energy of an open lipid membrane. In the present work we focus on the latter. The line tension of an open edge is a key parameter for understanding the processes of disc-to-vesicle transformation, vesicle-pore formation and membrane fusion. These processes often involve membranes which are highly curved in comparison to their thickness; therefore the influence of large curvatures should be examined.
Experimentally, measurements of line tensions rely on the creation of bilayer membranes with edges: One can either stabilize a bilayer membrane patch with open edges [33] , or create pores on vesicle surfaces, or in planar membranes [34, 35] . The line tension has also been determined from computer simulations of various atomistic or coarse-grained models, both for mechanically stretched membranes [36] [37] [38] [39] [40] and tensionless membranes [41] [42] [43] [44] . In comparison, theoretical studies of the line tension are scarce [45, 46] .
In this paper, we report a unified systematic study of the elastic properties of self-assembled bilayer membranes. Specifically, we employ SCFT formulated in different geometries to calculate the elastic moduli and line tension of a bilayer membrane. The bilayer membrane is described by a microscopic model of flexible amphiphilic chains (AB diblock copolymers) dissolved in hydrophilic solvent molecules (A homopolymers). Our SCFT calculations are carried out for membranes with zero or nearly zero surface tension in various geometries. Open membranes in the form of disks and/or membranes with pores are stabilized using appropriate constraints. The size of these stable disks or pores can be varied, which enables us to evaluate the edge line tension. The spontaneous curvature, the bending and the Gaussian moduli can be extracted similarly to Refs. [27, 28, 31] by fitting the SCFT free energies of membranes with different geometries to an appropriate energy expression for the continuum elastic model.
In the elastic model, the bilayer membrane is represented by a two-dimensional surface whose energy is described in terms of its elastic energy. If this tensionless bilayer is not highly curved, its free energy can be well represented by a linear elastic model (the Helfrich model [47, 48] )
where M = (c 1 + c 2 )/2 and G = c 1 c 2 are the local mean and Gaussian curvatures of the deformed bilayer (c 1,2 are the two principal curvatures). The last term in Eq. (1) represents the edge energy of an open membrane, and it vanishes for closed membranes. The elastic constants of interest, c 0 , κ M , κ G and σ, are the spontaneous curvature, the bending modulus, the Gaussian modulus and the edge line tension, respectively. We emphasize that the Helfrich free energy corresponds to a linear elastic model, which includes only the lowest-order contributions to the free energy from the curvatures.
In the current work, we derive the elastic parameters from the SCFT free energy, focusing on the dependence of these quantities on the volume fraction of the hydrophilic blocks, f A . Furthermore, we carefully examine the influence of large curvatures on the accuracy of the linear elasticity theory. We find that higher-order contributions to the membrane free energy become significant when the curvature is large. To analyze them, we use an extension of the linear elasticity theory that includes fourth-order contributions,
where κ 1 , κ 2 and κ 3 are fourth-order curvature moduli. With the geometries employed in our calculations, we can determine two linear combinations of the three fourthorder moduli. Even though two such combinations do not suffice to calculate the three moduli explicitly, the values of these two constants clearly show that the higher-order terms are not negligible for highly-curved membranes. It should be noted that in writing Eq. (2) we have neglected fourth-order terms involving the derivative of the curvatures, such as (∇M ) 2 , ∇ 2 M 2 and ∇ 2 G. In addition, third-order terms are also not included in Eq. (2) due to the symmetry of the bilayers. For a bilayer membrane composed of two identical leaflets, odd-order powers of the curvature vanish in the bending energy expansion.
The remainder of this paper is organized as follows: Section II describes the SCFT model of bilayer membranes and the geometric constraints used in the study. Our results on the elastic properties of the membranes are presented in section III, and compared with the prediction from the two-monolayer approximation when appropriate. Finally, section IV concludes with a brief summary.
II. MODEL AND METHOD
In this section, we first review the theoretic framework for the calculation of the free energy of a bilayer membrane. The general theory of SCFT has been well documented in several review articles and monographs [49] [50] [51] [52] [53] [54] , and we refer readers to them for details. We then describe the implementation of SCFT in different geometries, which we use in order to extract the elastic constants.
A. Excess free energy of a bilayer membrane
The molecular model for the bilayer membranes of interest consists of a binary mixture of AB diblock (amphiphilic) copolymers and A-type (hydrophilic) homopolymers in a volume V . In the present model, the volume fraction of the hydrophilic blocks in the amphiphile is denoted by f A . For simplicity, we assume that both the copolymers and the homopolymers have equal chain length characterized by a degree of polymerization N . Furthermore, we assume that the A/AB blend is incompressible, and both monomers (A and B) have the same monomer density ρ 0 (or the hardcore volume per monomer is ρ −1 0 ) and Kuhn length b. The interaction between the hydrophilic and hydrophobic monomers is described by the Flory-Huggins parameter χ. We formulate the theory in the grand-canonical ensemble and use the chemical potential of the homopolymers as a reference. The controlling parameter is the copolymer chemical potential µ c , or its activity z c = exp(µ c ). Within the mean-field approximation, the grand free energy of a binary mixture has the form [55, 56] :
where φ α (r) and ω α (r) denote the local concentration and the mean field of the α-type monomers (α = A, B).
The local pressure ξ(r) is a Lagrange multiplier introduced to enforce incompressibility. A second Lagrange multiplier, ψ, is used to implement constraints for stabilizing the bilayer in different geometries. A delta function, δ(r−r 1 ), is used to ensure that the ψ field only operates on the interface at a prescribed position r 1 . The last two terms in Eq. (3) are the configurational entropies, related to the single-chain partition functions for two types of polymer, Q c and Q h . For the copolymer, the partition function has the form Q c = drq c (r, 1), where q c (r, s) is an end-integrated propagator, and s is a parameter that runs from 0 to 1 along the length of the polymer. The propagator satisfies the modified diffusion equation
where R g = b N/6 is the gyration radius of the copolymer chains. The mean field ω α (r) is a piece-wise function where α = A if 0 < s < f A and α = B if f A < s < 1. The initial condition is q c (r, 0) = 1. Since the copolymer has two distinct ends, a complementary propagator q † c (r, s) is introduced. It satisfies Eq. (4) with the right-hand side multiplied by −1, and the initial condition q † c (r, 1) = 1. For the homopolymer, one propagator q h (r, s) is sufficient, and the single-chain partition function has the form Q h = drq h (r, 1). In our calculations the modified diffusion equations are solved in real space using the Crank-Nicolson method [57] .
The SCFT method employs a mean field approximation to evaluate the free energy using a saddle-point technique. This demands the functional derivatives of the expression (3) to be zero,
Carrying out these functional derivatives leads to the fol-lowing mean-field equations:
These equations can be solved by iteration. We are interested in the free energy of a system containing a bilayer membrane compared to that of a reference system without a bilayer, i.e., a homogeneous blend of copolymers and homopolymers. The free energy for the homogeneous bulk phase can be computed analytically,
where φ bulk is the bulk copolymer concentration. In the grand canonical ensemble, the bulk copolymer concentration depends on the copolymer chemical potential µ c via the relation:
For a bilayer membrane, its excess free energy (F − F bulk ) is proportional to the area of the membrane. We can define an excess free energy density, F , as the free energy difference between the systems with and without the bilayer membrane, divided by the area, A, of the membrane,
Another useful quantity characterizing the membrane is the copolymer excess per unit area,
where φ c (r) is the local concentration of the AB diblock copolymers.
B. Geometrical constraints
In order to extract information on the various elastic properties, we calculate the excess free energy of a bilayer membrane in the following five geometries: (i) an infinite planar bilayer membrane, (ii) a cylindrical bilayer membrane with a radius r, which is extended to infinity in the axial direction, (iii) a spherical bilayer with a radius r, (iv) an axially symmetric disk-like membrane patch with a radius R, and (v) a planar membrane with a circular pore of radius R. The first three geometries, which can be reduced to a one-dimensional problem by an appropriate coordinate transformation, are employed to extract the bending modulus and the Gaussian modulus as well as higher-order curvature moduli. The last two geometries, which are two-dimensional systems due to their axial symmetry, are used to extract the line tension of the membrane edge.
To stabilize a bilayer membrane in these geometries, a constraint term, ψδ(r − r 1 )(φ A − φ B ), has been included in the free energy expression (3) . From a mathematical point of view, this term ensures that at the point specified by r 1 , the concentrations of the hydrophilic and hydrophobic monomers are equal, i.e., φ A (r 1 ) = φ B (r 1 ). In the cylindrical and spherical geometries, this constraint sets the curvature radius of the membrane, and in the disk/pore geometry, it defines the size of the disk/pore. It should be noted that in the cylindrical and spherical case, the constraint is applied to the outer monolayer only, and the inner monolayer is free. This allows the bilayer to optimize its thickness. We found that constraining the inner monolayer while removing the constraint from the outer monolayer lead to identical results. In order to ensure that the calculated membrane properties are not affected by finite size effects, we choose a calculation box large enough such that the monomer densities reach their bulk values at the boundaries. With these geometric constraints, we obtained the excess free energies for the five geometries, which are denoted F X , where X = 0, C, S, D, P for the planar, the cylindrical, the spherical, the disk and the pore geometry, respectively. Furthermore, we focus on tensionless membranes in this work. The chemical potential of the amphiphilic diblock copolymers, µ c , is adjusted carefully such that the grand free energy of the bulk system and of a planar bilayer are identical, i.e., F 0 = 0. For a curved bilayer of finite thickness, the definition of the interface position or the membrane surface involves a certain degree of arbitrariness. To be consistent with our constraint method, we define the bilayer interface to be at the mid point of the two positions where A-and Bsegment concentrations are equal. For a cylindrical membrane with radius r, the mean curvature is M = 1/(2r) and the Gaussian curvature vanishes. For a spherical membrane with radius r, the mean curvature and the Gaussian curvature are M = 1/r and G = 1/r 2 , respectively. With these curvatures, the modified Helfrich free energy (2) can be written in terms of the curvature c = 1/r in the cylindrical and spherical geometries,
where the higher order parameters B C = κ 1 /16 and B S = κ 1 + κ 2 + κ 3 will be termed fourth-order cylindrical and spherical modulus, respectively. In the future studies, one can use ellipsoidal geometry with revolutionary symmetry to extract these moduli separately, where the entire shape of the outer layer has to be fixed during the SCFT calculations. Following Ref. [31] , we use the thickness, d = 4.3R g , of a planar bilayer with equal fractions of hydrophilic and hydrophobic segments (f A = 0.50) as the unit of length, where the thickness in planar geometry is given by the copolymer excess (15), d = Ω. For the surface tension, a natural unit is the interfacial free energy per unit area between coexisting A and B homopolymers in the limit of large χN , γ int = χN/6 ρ 0 k B T b/ √ N . Using this convention, the modulus can be made dimensionless:κ
Similar to the procedures described above, the line tension of an open edge can be calculated by examining the free energy of membranes as a function of the disk or pore sizes,
where R is the diameter of the disk/pore. The definition of the edge position is again somewhat arbitrary for a membrane of finite thickness. However, the resulting value for σ does not depend on the specific convention used for calculating R. Changing the convention will only affect the constant offset in the free energy expressions, Eqs. (20) and (21) . Here, we define 2R as the distance between two diametrally opposed points in the bilayer mid-plane that satisfy the constraint φ A (r) = φ B (r). Using the length unit defined above, we define a unit for the line tension,
III. RESULTS AND DISCUSSION
In this section, we first present the SCFT results for the second-order elastic moduli (κ M and κ G ) and discuss their relation to the microscopic parameter f A . We then examine highly curved bilayer membranes and demonstrate that the contribution to the free energy from the higher-order moduli can be significant. Finally we study the bilayer membrane in disk/pore geometries and compute the line tension by varying the structure size. Since we mainly focus on the effect of the hydrophilic volume fraction, f A , on the bilayer properties, most of the results are presented for a particular interaction strength between the A and B monomers. That is, we have fixed χN = 30 unless otherwise stated. For this intermediate segregation case, the chemical potential of the copolymer is around µ = 4.6k B T when a planar bilayer membrane becomes tensionless. It should be noted that the interaction parameter is also important, but a change in the interaction parameter does not produce any qualitative changes to the f A -dependence of the elastic moduli.
A. Linear Elasticity: Bending and Gaussian moduli
From the SCFT free energy of cylindrical and spherical membranes at large radii or small curvatures, the second-order moduli, the bending modulus κ M and the Gaussian modulus κ G , can be calculated by fitting the free energy curve to the Helfrich model. The basic structural properties of a self-assembled bilayer membrane are the spatial distribution of the hydrophilic and hydrophobic monomers across it. A typical concentration profile for a bilayer membrane in the spherical geometry with a radius R = 7.7R g and f A = 0.50 is shown in Fig. 1 . Within the spherical bilayer membrane, since the area of the inner interface is smaller than the outer one, the hydrophilic monomers (A-blocks) in the inner leaflet have to pack more closely and have a higher local concentration in comparison to the outer leaflet. At the same time, the hydrophilic monomers in the inner interface also have a wider distribution in the axial direction, which indicates that the hydrophilic chains in the same region are more stretched than the outer chains. The loss of conformational entropy due to the local extension of hydrophilic chains is the main contribution to the bending energy of the membranes.
The excess free energies for a tensionless bilayer with f A = 0.50 in the cylindrical and spherical geometries are shown in Fig. 2 . The free energies are plotted as a function of the dimensionless curvature cd. In the inset, we show the difference between the free energies obtained by different methods of applying the constraint. For highly curved membranes, the free energy with fixed inner monolayer is slightly higher than that with fixed outer monolayer. In general, one would expect that the free energy will depend on the specifics of how the constraint is applied, with the exceptions of (meta)stable states and saddle points where the conjugated field ψ vanishes. However, for the tensionless bilayer membranes studied here, the deviation introduced by using different constraints is small, so we opt for the method of applying the constraint to the outer monolayer in this study.
Ideally, one can fit the excess free energy as a polynomial function of the curvature up to fourth order, then extract the elastic properties from the fitting parameters using Eqs. (16) and (17) . The zeroth-order term should be zero for a tensionless membrane, and indeed this is the case as shown in Fig. 2 , where the excess free en- ergies go to zero when the curvature goes to zero. The linear term in the free energy plot is associated with the spontaneous curvature of the membranes. For a bilayer membrane consisting of two identical leaflets, the spontaneous curvature is zero by symmetry. This can be seen from Fig. 2 where the slope of the free energy curves also vanishes at the zero curvature. Furthermore, the symmetry of the membranes dictates that the higher odd-order terms also vanish. The first non-zero coefficient in the curvature expansion of the membrane free energy is the second-order term, which is related to the bending and Gaussian moduli. Fig. 3 shows κ M and κ G , as a function of the hydrophilic volume function f A . Beyond f A ≥ 1 − 2/χN (= 0.74 for χN = 30), bilayer membranes are unstable with respect to the homogeneous phase. In the stable regime below this value, the dependence on f A is quite different for the two quantities, κ M and κ G . The bending modulus, κ M , on the one hand, is not very sensitive to the amphiphilic architecture specified by f A . As one might expect, it exhibits a weak maximum close to f A = 0.50 (symmetric amphiphiles), which is however not exactly symmetric with respect to f A = 0.50 due to the different solubility of the amphiphilic molecules. Molecules with longer hydrophilic parts can be dissolved in the solvent more easily, resulting in a higher excess at the interface. The Gaussian modulus, κ G , on the other hand, is a strongly varying monotonically decreasing function of the hydrophilic volume fraction, and its value changes from positive to negative, crossing zero at around f A = 0.41. The planar bilayer becomes unstable for positive values of κ G . It is interesting to note that the ratio of the Gaussian modulus and the bending modulus, κ G /κ M , decreases from roughly 1 to -2 as f A is increased, changing its sign at about f A = 0.41.
The effect of varying the chain interaction strength on the qualitative behavior of the second-order moduli is small, as shown in Fig 3 for different values of χN . The bending modulus κ M increases with increasing interaction parameter χN . The overall dependence on the hydrophilic architecture f A is the same for different χN . Even more interestingly, the Gaussian modulus κ G shows a similar relation. When the interaction strength increases, the magnitude of the modulus also increases, and when the interaction strength decreases, the magnitude of κ G does the same. The zero crossing point for all interaction strengths is the same at approximately f A = 0.41. The architectural dependence is not drastically affected as the Gaussian modulus κ G is still a monotonically decreasing function in all cases. This result shows that the choice of interaction parameter has no qualitative effect on the behaviour of the elastic moduli as a function of the amphiphile architecture.
The calculated elastic properties of a bilayer membrane can be compared with those of its corresponding monolayers. The monolayer properties have been well studied with the SCFT by several authors [27] [28] [29] [30] [31] . The bilayer properties can be derived from monolayer parameters by a two-monolayer approximation as discussed in Appendix A. In this simple model the bilayer membrane is depicted by two independent monolayers sticking together without any specific interactions, and the elastic properties of the bilayer can be expressed in terms of the monolayer counterparts. For instance, for a symmetric We note that the reference energies, γ int , increase with χN via γ int ∝ √ χN . This trivial dependence has been eliminated by plotting the dimensionless renormalized quantities. The dashed curves correspond to the results from the two-monolayer approximation, Eqs. (23) and (24) , for χN = 30.
bilayer [18, 58, 59] we have,
In the above expressions, over-barred quantities denote the properties of the monolayer, and δ is the distance between the midplane of the bilayer and the monolayer interface. The value of δ is a linearly decreasing function of f A (not shown here). We also calculated the monolayer properties with the SCFT and the results are similar to those reported in Ref. [31] . The spontaneous curvature of the monolayer increases in an approximately linear manner with the hydrophilic fraction f A , withc 0 = 0 for symmetric amphiphiles with f A = 0.50. In Fig. 3 , the prediction from the monolayer properties are plotted as dashed curves for χN = 30.0. It is interesting to notice that the simple two-monolayer model is in good qualitative agreement with the exact results from SCFT. The bending modulus of the bilayer is roughly twice that of the monolayer. In previous simulations and experiments, stacking monolayers are also found to reinforce the rigidity of the membrane [18, 60] . The prediction for the bending modulus from the two-monolayer approximation must necessarily be symmetric about f A = 0.50, due to the fact that the bending modulus for monolayer is symmetric about f A = 0.50. The SCFT results are slightly different, with the maximum shifted to a smaller hydrophilic fraction. This can be attributed to the difference between the two-monolayer approximation and the full bilayer calculation: In the latter case one considers two apposing (and possibly coupled) monolayers, while in the former case, the apposing monolayer is replaced by a hydrophobic homopolymer melt. In our case, where copolymers and homopolymers have equal length, one would expect the monolayer approximation to be better when the composition of copolymers approaches that of hydrophobic (B-)homopolymers (small f A ).
The Gaussian modulus for a bilayer involves not only the two curvature moduli of the monolayer, but also its spontaneous curvature,c 0 . Atc 0 = 0, the Gaussian modulus is slightly negative. Due to the interplay of monolayer stiffness and spontaneous curvature, it is further reduced at f A > 0.50, and shifted upwards for f A < 0.50.
B. Nonlinear Elasticity: Higher-order Moduli
In the above subsection, the SCFT results demonstrate that the Helfrich model gives an excellent description of the free energy of slightly curved bilayer membranes. The Helfrich expression essentially corresponds to a linear elasticity theory of membranes, where the higher-order contributions are ignored. It is therefore desirable to examine the region of validity of the linear elastic theory. Specifically, we expect that the higher-order terms in Eq. (2) can no longer be ignored in systems of highly curved membranes. Examining the relative contribution of the higher-order terms should then allow us to establish regions of validity for the Helfrich model. In Ref. [14] , Harmandaris and Deserno employed a series of mesoscopic simulations of a coarse-grained model to test the validity of the Helfrich model and found that the quadratic Helfrich energy remains valid for membranes with curvature radius comparable to the bilayer thickness. However, it should be noted that these authors employed the Cooke model [61, 62] , which replaces the lipid tail by two beads. This high level of coarse-graining may limit the ability of the model to describe highly curved membrane structures. In more refined models, one important contribution to higher-order terms is the change of the packing of the lipid tails upon bending the bilayer. In Ref. [63] , Risselada et al. used the MARTINI model to study vesicles formed of lipid bilayers. The higher-order contribution to the Helfrich Hamiltonian is important for explaining the inverted domain sorting un-der uniaxial compression. The higher-order elastic constants are also shown to stabilize the intermediate states of open vesicles in the disk-to-vesicle transition [64] . In the SCFT calculations, the stretching of the amphiphilic chains is captured, which allows us to examine the effects of the highly curved membranes. The effect of the higher-order terms on the membrane free energy can be demonstrated by plotting the rescaled free energy, F/(cd) 2 , as a function of the effective curvature (cd) 2 , as shown in Fig. 4 for both cylindrical and spherical geometries. If the quadratic expression of the Helfrich model is strictly valid, the scaled free energy F/(cd) 2 should remain constant in these plots. Contrary to this expectation, the SCFT results shown in Fig. 4 reveal that the scaled free energy of the membrane changes as (cd) 2 is increased. For small values of (cd) 2 , the scaled free energy is approximately a linear function of (cd)
2 . The slope of this linear function gives the quartic correction to the free energy. For highly curved bilayers, contributions of terms with even higher order come into play, and the scaled free energy deviates from the straight line. From these observations we conclude that higher order terms should be included when describing the behavior of highly curved membranes within an elastic model. Quantitatively, the fourth-order term can contribute as much as 10% to the total free energy for highly curved membranes. This contribution should not be neglected. Due to the limited number of geometries employed in our calculations, we are only able to calculate the cylindrical and spherical fourth order moduli defined in Eq. (19) . In Fig. 5 , these two higher-order moduli are plotted as a function of the hydrophilic fraction f A . The general trend is that the higher-order contribution is positive for cylindrical geometry, but negative for spherical bilayers. With our results for the second and fourth-order moduli, we can now determine a boundary separating the region where the fourth-order corrections are negligible from that where the fourth-order terms start to play an important role. We require that the relative energy difference,
does not exceed a given threshold ∆E * . Here F C 4 is the free energy for the cylindrical geometry including the fourth-order contributions to the free energy, and F C 2 is the free energy of the cylindrical geometry assuming that the fourth-order moduli are negligible. A similar definition is used for the spherical geometry. Applying Eqs. (16) and (17), one obtains the following expressions for the critical curvatures for the cylindrical and spherical bilayers:
Using the values of the moduli as a function of hydrophilic chain fraction (f A ) as obtained in the previous sections, the boundary of validity for the linear elastic Regions where the second-order terms adequately describe the bending energy (with ∆E * = 2%) for both geometries are filled with crossed stripes. Unpatterned regions or regions filled with simple stripes correspond to curvatures where fourth-order corrections are needed to describe the bending energy for at least one geometry (with ∆E * = 2%).
theory is determined for both the cylindrical and spherical geometries. The results for ∆E * = 2% and 5% are shown in Fig. 6 .
Let us first examine the criterion ∆E * = 2%, which corresponds in Fig. 6 to the filled symbols and solid lines. In the patterned regions the second-order description of the bilayer bending energy is valid up to the prescribed accuracy ∆E * . In the unpatterned regions, this description becomes less accurate and the fourth-order moduli must be included to accurately describe the membrane energy. Above a hydrophilic chain fraction of f A ≈ 0.58 the absolute boundary on the critical curvature is dominated by the spherical geometry. In this region, membranes in cylindrical geometry can be described by the second-order bending moduli for a larger span of curvatures up to cd = 0.70 for a chain fraction of approximately f A = 0.70, but for spherical geometry, the valid region is significantly reduced to about cd = 0.2 for f A = 0.70. This trend is reversed below f A ≈ 0.58 where the absolute boundary is set by the cylindrical geometry. In this range of chain fractions, the spherical corrections are relatively less important, which implies that the second-order descriptions can be used up to curvatures of cd ≈ 0.8 for a chain fraction length of f A = 0.30. The unpatterned regions corresponds to parameter sets in the (cd, f A )-plane where the fourth-order terms must be included in order to describe the bending energy of the bilayer up to the accuracy ∆E * = 2%, regardless of membrane geometry. If the accuracy criterion is relaxed to ∆E * = 5%, we obtain the curves shown in Fig. 6 in unfilled symbols and dashed lines, and the valid region for the second-order description is extended to larger curvatures up to around cd ∼ 1.
C. Line Tension of Membrane Edge
The calculation for the line tension of the membrane edge must be performed in two dimensions. In our study, two different geometries, a circular disk and a circular pore, are employed. The excess free energies of the tensionless disk-like membranes of different size are calculated using the SCFT, and the results are shown in Fig. 7(a) . The free energy is a linear function of the radius R. The slope of the curve is then used to obtain the line tension. A typical density profile of a disk-like membrane is shown in the inset of Fig. 7(a) . The crosssection contour of the disk can be approximated by two semicircles being separated by two parallel lines. Closely examining this contour, we note that the thickness in the middle of the disk is slightly smaller than the diameter of the semicircle, and each semicircle is connected smoothly to the two parallel lines by two inverted arcs.
In Fig. 7(b) , we plot the excess free energy for a bilayer membrane with a pore of varying radius. Similar to the case of the disk structure, the free energy is a linear function of the radius R. Similar curves had been obtained in Ref. [65] , and in Ref. [39] , where the free energy at very small radius was found to deviate from the linear dependence. A cross-section of the pore structure is shown in the inset of Fig. 7(b) . The thickness near the edge is slightly larger than that away from the edge, similar to the disk geometry.
The calculated line tension as a function of the hydrophilic volume fraction is shown in Fig. 8 . The line tensions obtained from the disk and pore geometries are almost identical, reflecting the fact that when the radius R is large in comparison to the bilayer thickness, there is no difference between the edge of a disk and the edge of a pore. As seen in Fig. 8 , the line tension decreases from positive to negative in an approximately linear way as a function of the hydrophilic volume fraction. For most lipids, such as DOPC or DOPE, their hydrophilic fractions are less than 0.50, corresponding to a large positive line tension. The results for the line tension imply that a closed membrane in the form of vesicles is the preferred structure in such cases. On the other hand, the line tension of membranes formed from lipids with large hydrophilic heads can even become negative, implying that it is possible to use these big-headed lipids as edge stabilizers. This result is also supported by simulations [43] and experiments [35] . In Ref. [43] , it is found that the line tension of the bilayer depends linearly on the lipid tail length, which corresponds to the hydrophobic fraction 1 − f A , and adding short-tail lipids (with large f A ) can be used to decrease the line tension of a membrane composed of a mixture of short-and long-tail lipids. The line tension for the disk/pore structure can also be estimated from the monolayer properties if we perceive the edge as a folded monolayer. In Appendix B, an analytic expression of the line tension is obtained for the two geometries,
The prediction from this expression is plotted in Fig. 8 as dashed line. The analytic result correctly predicts that the line tension is a decreasing function of the hydrophilic volume fraction, but it overestimates the value of the line tension. In this calculation, we used the value δ for a planar bilayer membrane, while we can see from the profiles (insets of Fig. 7) , that the radius near the edge is slightly larger than the planar bilayer. Also, near the edge the monolayer is strongly curved and higher-order contribution to the bending energy become important, as demonstrated in the previous section. Furthermore, the simple analysis in Appendix B is unable to consider the contribution due to the derivative terms because of the discontinuity at the junction of flat and curved membrane surface. Given all these possible corrections, the qualitative agreement between SCFT results and the approximate theory (28) is remarkable and indicates that the monolayer model does capture the physics of the edge elastic properties.
IV. SUMMARY
To summarize, we have systematically investigated the elastic properties of a bilayer membrane, including the line tension of the edge, the bending modulus, the Gaussian modulus, and the fourth-order moduli, by applying the self-consistent field theory to a molecular model where the membrane is composed of amphiphilic chains dissolved in hydrophilic solvent molecules. The free energy of membranes subject to different geometric constraints has been calculated. The elastic properties were extracted from the SCFT free energy of the membrane in five geometries: the planar, the cylindrical, the spherical, the disk, and the pore geometry. In particular, SCFT studies of a disk-like membrane and a pore in a planar membrane were used to extract the line tension of the membrane edge. We have explored the dependence of the elastic properties on the microscopic characteristics of the amphiphiles as specified by the hydrophilic volume fraction f A . Three notable results are: (i) As the hydrophilic volume fraction increases, the line tension decreases linearly from a positive value to zero and even to a negative value, indicating that big-headed lipids can be used as edge stabilizers. (ii) The Gaussian modulus is a monotonically decreasing function of the hydrophilic volume fraction, whereas the bending modulus is a concave function with a maximum around f A = 0.50. The ratio of the Gaussian modulus and the bending modulus changes from 1 to -2 as f A is increased from 0.30 to 0.70. (iii) The quadratic Helfrich model is accurate at small membrane curvatures, but it becomes inaccurate when the radius of curvature is comparable to the membrane thickness. Therefore, higher-order curvature moduli have been introduced and calculated.
The elastic properties of a bilayer membrane could also be analyzed within a two-monolayer approximation, which is capable of predicting the properties of bilayers from the monolayer properties. Physical insights can be obtained from the relation between the elastic properties of the bilayer and the monolayer. For example, the bending modulus of bilayers is roughly twice that of monolayers, while the Gaussian modulus of a bilayer is a combined effect of the bending modulus, Gaussian modulus and spontaneous curvature of a monolayer. The line tension of a disk/pore structure largely originates from the bending energy (dictated by the monolayer bending modulus) of the monolayer that forms the bilayer edge.
This work focuses on the influence of the amphiphilic architecture on the properties of single-component bilayer membranes. It should be noticed that other factors such as the interaction strength between different molecules can also be important. For example, the FloryHuggins parameter determines the scale of the curvature moduli to a large extent, because our results are scaled by the interfacial tension between the A/B homopolymers. The present model also has a number of limitations concerning the higher-order contributions to the elastic free energy. Ideally, the fourth-order terms in the free energy expression (2) also include terms related to the derivative of the curvatures. For the planar bilayers, cylinders and spheres, the curvatures are uniform thus the derivative terms vanish. For the disk/pore geometries, their contribution will change the effective line tension. Furthermore, the geometries considered in this work only allow us to obtain two linear combinations of the three fourthorder moduli. To extract these moduli separately, one can consider the cylinders with an ellipse cross-section or an ellipsoid in three-dimension [66] .
In many biological membranes, the composition of the inner and outer membrane leaflets are different. The asymmetric composition arises naturally in cell membranes when the lipids are generated and initially inserted into the inner leaflet, and the asymmetry often persists over long periods of time because the spontaneous flip-flop of lipids between two leaflets is extremely slow [67] . The current SCFT model in general deals with thermodynamical equilibrium thus it is challenging to treat dynamic processes, but one may develop clever constraint schemes to enforce the asymmetric composition. Another possible cause of the asymmetry is that the fluids on two sides of the membrane have different chemical compositions. This can be simulated in the present model by using homopolymers interacting differently with the copolymers. Furthermore, multicomponent bilayer membranes exhibit interesting features [68] [69] [70] , for example, lipids that are capable of stabilizing the edge tend to aggregate on the edge, resulting in a smaller line tension. Local curvature effects may also reduce the line tension of phase separated lipid domains in multi-component membranes, or stabilize microphase separated "raft" structures [71] . The current model can be extended to multi-component membranes by introducing two or more copolymers, even with different architectures. The study of the elastic properties of multi-component bilayer membranes with the SCFT will be an appealing and exciting subject of future work. 
One more quantity we need is the area element dA,
where g is the surface metric.
The bending free energy of the disk edge is then
The contribution from the Gaussian curvature can be easily evaluated
The calculation for the mean curvature is slightly more complicated 
and the final result is
Note that the disk radius is defined as R = r + δ. From Eqs. (B7) and (B10), we get the total energy of the disk edge
We can identify the line tension as
For the pore structure, the edge surface can be regarded as the inner part of the torus. A slight modification to the above derivation is the integration range of parameter v, which changes to [π/2, 3π/2]. The final result is
The line tension for the pore is the same as that obtained for the disk geometry.
